Recent years have seen a growing interest in strong coupling between the electromagnetic modes of plasmonic structures and quantum emitters, as a way to generate new quantum optical testbeds and influence chemical dynamics and reactivity. Strong coupling involving bright plasmonic modes has been achieved in the limit of single quantum emitters. Dark plasmonic modes might fare better in some applications due to their longer lifetimes, but are difficult to probe as they are subradiant. Here, we apply electron energy loss (EEL) spectroscopy to demonstrate that a dark plasmonic mode can strongly interact with a small number of quantum emitters. Using quantum dots (QDs) resonant with the dark dipolar mode of plasmonic bowties, we observe a Rabi splitting of up to 160 meV in EEL spectra.
Cavity quantum electrodynamics deals with the interaction of quantum emitters with the electromagnetic fields within optical cavities 1 . When this interaction is made large enough to reach the so-called strong coupling limit, coherent excitations comprising both cavity modes and emitter modes are generated by excitation with resonant electromagnetic radiation. These coherent excitations are manifested by phenomena such as vacuum Rabi splitting, namely the appearance of two branches in optical spectra. Strong coupling is of importance for many quantum technological applications, such as quantum information processing 2, 3 and quantum communication 4, 5 . In recent years, it has been shown that strong coupling to electromagnetic modes can also be used to modify photophysics and chemical reaction dynamics 6, 7 .
Plasmonic cavities (PCs) are nanometric structures that focus electromagnetic fields to sub-diffraction volumes through the effect of surface plasmon excitations 8, 9 . The deep sub-diffraction volumes of the electromagnetic modes of PCs make them attractive for quantum optical applications. PCs are often made of metallic nanostructures, and rely on the concentration of the electromagnetic energy in gaps between particles or at sharp tips or corners. Due to the lossy nature of metals, PCs typically have only moderate quality factors, but their ultra-small mode volumes facilitate strong coupling even under ambient conditions 10 . Indeed, we recently showed that PCs can couple to individual or just a few quantum emitters 11 . In particular, we coupled semiconductor quantum dots (QDs) to plasmonic bowties, and observed vacuum Rabi splitting in light scattering spectra. Similar observations were reported more recently by other labs using both scattering and emission spectra measured from individual devices 12, 13 .
PCs can sustain a set of multipolar resonances, some of which are bright while others are dark and subradiant 8 . It is typically the lowest energy, bright dipolar resonance that is used for coupling to quantum emitters. However, dark modes might also be of significant interest for quantum optical studies, particularly since they are expected to have longer lifetimes than bright modes and therefore should be able to store electromagnetic energy for longer times 14, 15 . It is difficult, though, to excite and probe dark modes due to their inability to couple radiatively to the far-field.
Electronic energy loss (EEL) spectroscopy is an electron microscopy method that can access the electromagnetic near-field and yield the complete spectrum of plasmonic modes in nanostructures with a very high spatial resolution 16 . EEL spectroscopy has been applied extensively to study both bright and dark resonances of various plasmonic structures [17] [18] [19] [20] . It probes the out-of-plane component of the electric field around a plasmonic device 16 , and the EEL signal is closely related to the optical extinction spectrum of a plasmonic structure 21 . In this work we use EEL spectroscopy in a scanning transmission electron microscope (STEM) to probe the coupling of silver bowtie PCs with QDs residing in their vicinity, and demonstrate vacuum Rabi splitting due to coupling between the QDs and the dark mode of the PCs.
We fabricated silver bowties using electron beam lithography and inserted QDs into their gaps and around them. Fig. 1b) , the lowest-energy excited plasmonic mode is found at 1.8 eV (Fig. 1b, orange spectrum). From the calculated charge density map obtained at this frequency (Fig. 1c) , it is clear that this is the lowest-energy bright longitudinal dipolar mode of the PC. In contrast, when the electron beam passes through the center of the PC gap (red dot in the inset of Fig. 1b) , a mode at 2.1 eV is excited, whose charge distribution identifies it as the lowest-energy dark mode. This mode is formed by an antiparallel combination of the dipolar plasmons of the individual prisms of the bowtie and carries a zero net dipole moment (Fig. 1c) 18 . Additional modes excited with the electron beam at other positions are shown in Figs. S1 and S2, and will not be further discussed below.
Figs. 1d & e show EEL maps at certain energy slices, each corresponding to one of the peaks shown in Fig. 1b . Thus, for example, the map at energies between 1.76 and 1.85 eV corresponds to the bright dipolar mode discussed above. Interestingly, the EEL signal, which (as noted above) is sensitive to the out-of-plane component of the electromagnetic field, is stronger on the outer edge than in the gap. On the other hand, for the energy slice around 2.1 eV (corresponding to the dark dipolar mode), the outof-plane field is much more confined in the gap region than at the outer edges.
When we introduce into PC gaps QDs whose lowest optical transition (the so-called band-edge exciton 22 ) is in resonance with the bright dipolar mode, EEL spectra show In order to understand the mechanism of the exciton-plasmon interaction involving the dark mode, we performed BEM simulations of the EEL spectra of coupled devices.
Unexpectedly, with four and even eight QDs positioned in the PC gap as above, no splitting was observed in the simulated spectrum (Fig. 4a) . However, when ten additional QDs were added at the periphery of the PC gap rather than its center (Fig.   4b ), a clear splitting was observed in the spectrum, implying that the QDs at the periphery contribute more to the exciton-dark mode interaction than the ones at the center. Indeed, a simulation with QDs positioned only at the gap periphery (Fig. 4c) showed a similar splitting. To shed more light on this surprising observation, we plot a map of the simulated total electric field distribution around a bare PC at 2 eV, shown in Fig. 4d as a projection on the x-y plane. It is clearly seen that the electric field at the center of the gap, and even near the tips of the two prisms forming the bowtie, is very small. On the other hand, a very high field is observed at the periphery of the gap, comparable to the highest field in the bright mode map (Fig. S2a) . Since the coupling strength is linearly proportional to the electric field, it is expected that QDs that reside at the center of the gap will not couple at all with the dark dipolar mode, while QDs at the periphery will strongly couple with it. Notably, the out-of-plane component of the electric field has a small contribution in the gap (Fig. 4e , showing a projection on the x-y plane), ~50 smaller than the total field, but this small contribution is enough to couple to the electron beam and generate an EEL signal.
To verify that indeed coupling at the periphery of the gap is responsible for the observed Rabi splitting, we looked for devices in which the QDs were not located at the center of the gap. Fig. 5 shows an example of such a device, which displays a Rabi splitting value of 160 meV, with a coupling strength of 83±2 meV obtained from a fit to the coupled oscillator model. This observation directly confirms the simulation results. An additional such example is shown in Fig. S3 .
In conclusion, we report here vacuum Rabi splitting in EEL spectra that can be traced to coupling between quantum emitters and a dark plasmonic mode. This interaction cannot be accessed optically in the far field, as the dark mode is not radiant. However, the ability to excite the dark mode with an electron beam opens the way to observe the respective PC-QD interaction in EEL spectra. Though EEL spectroscopy has been used recently to probe strong coupling to bright plasmonic modes 25, 26 , we are not aware of any previous study of the coupling to a dark mode. The coupling effect depends on the local distribution of the electromagnetic field in the PC gap region.
Counter-intuitively, it is not the gap center that provides the largest coupling, even though this is exactly where the combined excitations are probed. In future work it will be interesting to find whether the interaction of QDs with a dark mode impacts the overall lifetime of excitations within PCs. It will also be interesting to find whether the involvement of emissive QDs makes dark-plasmon polaritons partially emissive, which might be detected with the sister method of EEL spectroscopy, cathodoluminescence 27 . Electron beam lithography and fabrication of silver bowties. PMMA was spincoated on the grids at a speed of 5,000 rpm for 50 s to achieve a thickness of 60 nm, followed by baking at 180 °C for 90 s. The PMMA-coated grids were loaded into a
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Raith E_line Plus electron-beam lithography system and the PMMA was exposed to define the shape of bowties. The accelerating voltage used for the exposure was 30
kV and the beam current was 30 pA. The design consisted of matrices of bowties, with each matrix hosting 12 bowties. Each bowtie was separated by 10 μm from its neighbours. To remove the exposed PMMA, substrates were developed using 1:3 methyl isobutyl ketone:isopropyl alcohol for 30 s, followed by immersion in a stopper (isopropyl alcohol) for 30 s and drying with a nitrogen flow. An electron-beam evaporator (Odem) was used for metal deposition on the patterned substrates.
Initially, chromium was evaporated to deposit a 2 nm adhesion layer, followed by silver. The lengths of the silver prisms generated in this way ranged from 65 to 85 nm, and their thickness was 25 nm. After metallization, a lift-off step was performed in a solvent stripper for 40 min to obtain silver bowties on the SiO2 films. To protect the bowties from oxidation we deposited on the grid a conformal thin layer of alumina (2.5 nm) using an atomic layer deposition system (Fiji Plasma), with trimethylaluminum as a precursor. Finally, PMMA was again spin coated on the grid in order to protect the bowtie structure from degradation during the incorporation of QDs, as the alumina layer was found not to be sufficient in protecting the bowties within a water-based solution.
Incorporation of QDs into bowtie structures.
We first made the PMMA surface hydrophilic by applying a delicate N2 plasma using an inductively coupled plasma apparatus (Plasma Therm Ltd). We then immersed the sample vertically in a waterbased solution of QDs and allowed the solution to evaporate within a low vacuum environment. During the evaporation, QDs were randomly positioned on the PMMA surface. In the last stage, we immersed the grid in acetone to dissolve the resist. Under the conditions we used (unheated remover and a thin resist), the QDs were not completely washed away with the resist, and the majority of the QDs tended to randomly deposit on the substrate, sticking in the vicinity of the bowties. Data analysis was performed in DigitalMicrograph software (Gatan Inc., Pleasanton, USA). The zero-loss peak was extracted by subtracting its right-hand side, which is the reflection of the left-hand side. Then, the background was subtracted from the spectrum to yield the plasmonic mode spectrum. In order to extract the spectrum of a pure single plasmonic mode, its neighboring modes were fitted to Gaussian curves and subtracted away. Raw spectra were smoothed using a Savitzky-Golay filter. 
